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ABSTRACT. This is a survey of the Deligne-Mostow theory of Lauricella functions, or 
what almost amounts to the same thing, of the period map for cyclic coverings of the 
Riemann sphere. 



Introduction 

These notes are about the theory of hypergeometric functions in several variables. The 
functions in question generalize the GauB hypergeometric function and are obtained as 
integrals of a multivalued differential of the form 

where zq, . . . ,z n are pairwise distinct complex numbers (and are allowed to vary) and 
the exponents fi). are taken in the open unit interval (0, 1) (and are always kept fixed). If 
7 is a path connecting some z& with some Zi whose relative interior avoids the Zk's and 
if a determination of the differential along that path is chosen, then rj z can be integrated 
along 7 (the integral will indeed converge). That integral will depend holomorphically on 
z = [zq, . . . , z n ), for if we vary z a little, then we can let 7 and the determination of rj z 
follow this variation in a continuous manner. The (multivalued) function of z thus obtained 
is the type of hypergeometric function that takes the stage here. We now briefly explain 
which are the aspects of particular interest that will make an appearance in this piece. 

One readily finds that it is better not to focus on one such integral, but to consider all 
of them simultaneously, or rather, to consider for every z as above (and fixed exponents), 
the space L z of power series expansions in n + 1 complex variables at z that are linear 
combinations of such integrals. It turns out that this vector space L z has dimension n 
and that the 'tautological' map-germ (C" +1 ,z) — * L* z sends z to an element 7^ and 
has the following regularity property: if -Mo, n +2 stands for the configuration space of 
(n+ l)-tuples in C modulo affine-linear equivalence (which is also the configuration space 
of (n + 2)-tuples on the Riemann sphere modulo projective-linear equivalence), then this 
map-germ drops to a local isomorphism (M.o,n+2, [z]) — > P(L* Z ). By analytic continuation 
we have an identification of L z with L x > for nearby z' and the multivalued nature of the 
hypergeometric functions is reflected by the fact that if we let z traverse a loop in the space 
of pairwise distinct (n + 1) -tuples and if let the elements of L z follow that loop by analytic 
continuation, then there results a linear (monodromy) transformation of L z which need not 
be the identity. The transformations of L* thus obtained form a subgroup T of GL(L*), 
called the monodromy group of the system. The main questions addressed here are: 

1 . When does T leave invariant a Hermitian form which is a positive definite, semidefi- 
nite or of hyperbolic signature? 
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2. In the situation of Question 1, when is T discrete as a subgroup of GL(X*)? (This 
is essentially equivalent to: when acts T properly on D?) And when is T arithmetic (in a 
naturally defined Q-algebraic group that contains T)? 

The answer to the first question is short enough to give here: when /io + ■ • • + [i n is < 1, 
= 1 or in the interval (1, 2) respectively (we are not claiming the converse). In that case 
■Mo.n+2 acquires a metric of constant holomorphic curvature as follows. First, we observe 
that P(L* Z ) contains a complex symmetric manifold of constant holomorphic curvature D 
as an open subset on which T acts by isometries: we get respectively all of P(L*) with 
its Fubini-Study metric, an affine space in P(L* Z ) with a translation invariant metric or an 
open ball with its complex hyperbolic metric. But we also find that the local isomorphism 
(Mo,n+2, [z]) — ► V{L* Z ) lands in D, so that Mo <n +2 inherits a metric from B. 

Question 2 is harder. If T is discrete as well, then the exponents must be rational 
numbers. One of the main results states that Mo. n +2 has then finite invariant volume and 
that its natural metric completion is an algebraic variety (we get a projective space in the 
elliptic and parabolic cases and in the hyperbolic case it is obtained by adding the stable 
orbits in a setting of geometric invariant theory). Deligne and Mostow gave sufficient 
conditions for discreteness, which were later weakened by Mostow and Sauter to make 
them sufficient as well. 

If the /ifc's are rational, then there is the connection with the theory of period maps 
(regardless whether T is discrete): if m is their smallest common denominator and if we 
write Hk = dk/ m, then the hypergeometric functions become periods of the cyclic cover 
of C defined by w m = (zo — C) d ° 1 ■ ■ ( z n — () d ™- For rj z then lifts to a regular univalued 
differential on this affine curve (regular resp. with simple poles at infinity when ^ fc fik 
is greater than resp. equal to 1) and 7 is covered by a cycle such that the hypergeometric 
integral is the period of the lift over this cycle. 

As the reader will have gathered, this is mostly an account of work of Mostow (and 
his student Sauter) and of Deligne-Mostow. It is self-contained in that the sense that we 
have included proofs (except for a technical lemma needed for an arithmeticity criterion). 
Occasionally our treatment somewhat differs from theirs. For instance, our discussion of 
invariant Hermitian forms does not use the approach in 1 5 1 inspired by Hodge theory, but 
rather follows the more pedestrian path in 1 3 1. We also found it natural to use the language 
of orbifolds throughout. For some of the history of the material expounded here, we refer 
to the first and the last section of |5| as well to the review |2|. In Section [5] we — very 
sketchily — mention some recent developments. 

This paper is based on a series of talks I gave at the CIMPA summer school (2005) 
in Istanbul. I thank my hosts, in particular Professor Uludag, for their hospitality and for 
making this summer school such a pleasant and fruitful experience. 
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1. THE LAURICELLA DIFFERENTIAL 

1.1. Definition and first properties. Assume given real numbers /iq , . . . , /i„ in the in- 
terval (0, 1), where n > 0. We shall refer to the (n + l)-tuple /i = (/io, ■ ■ ■ , Mn) as a 
weight system and we call its sum := X)T=o l 1 " 1 tne *°fflZ weight of \i. The Lauricella 
differential of weight /i is 

Vz ■= (*> ~ C)~ Mo • • ■ (zn - Cr^dC, with z = (z Q , ...,z n )e (C" +1 )°. 

(Here (C n+1 )° stands for the set of (zq, . . . , z n ) £ C n+1 whose components are pairwise 
distinct.) Athough this differential is multivalued, it has a natural determination on a left 
half space by taking there the value of the integrand whose argument is < 7r/| fi\ in absolute 
value. We further note that r\ z is locally integrable as a multivalued function: near Zk, r\ z 
is of the form (( — Zfc) Mfc cxp(holom)d(; this is the differential of a function of the form 
const + (C — Zk) 1 ^ 1 - 11 * exp(holom) and since 1 — fik > 0, that function takes a well- 
defined value in Zk- This implies that r\ z can be integrated along every relative arc of 
(C, {zq, . . . , z n }); by the latter we mean an oriented piecewise differentiable arc in C 
whose end points lie in {zo, . . . , z n }, but which does not meet this set elsewhere. 

The behavior of the differential at infinity is studied by means of the substitution ( = 
uj^ 1 ; this gives 

Vz - -(uz - • • • ( WZn - I)""" J"!" 2 ^, 

which suggests to put z n +i := oo and /i„+i :— 2 — In case /i n +i < 1 (equivalently, 
\fi\ > 1), rj z is also (multivalued) integrable at z n+ \. 

Remark 1.1. Following Thurston 1 14 1, we may think of r\ z as a way of putting a flat Eu- 
clidean structure on P 1 with singularities at Zq, . . . , z n+ i. a local integral of r\ z defines a 
metric chart with values in C, but now regarded as the Euclidean plane (so the associated 
metric is simply |?y 2 | 2 ). At Zk, k < n, the metric space is isometric to a Euclidean cone 
with total angle 2tt(1 — /z/.); this is also true for k = n + 1 in case [i n +i < 1, or equiva- 
lently, \fj,\ > l;if|/i| = 1 resp. \fi\ < 1, then a punctured neighborhood of oo is isometric 
to a fiat cylinder resp. the complement of a compact subset of a Euclidean cone with total 
angle 1 - \fx\. 
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Let be given relative arc j z of (C,{zo, ■ ■ ■ ,z n }) and let also be given a determination 
of rj z on 7 Z so that J r\ is defined. Choose an open disks Dk about Zk in C such that 
the Do, . . . , D n are pairwise disjoint. Then we can find for every z' G Do x • • • x D n , 
a relative arc j z i of (C, {z' , . . . , z' n }) and a determination of r\ z i on supp(7 z ') such that 
both depend continuously on z' and yield the prescribed value for z = z'. Any primitive 
of T) near (z, Zk) with respect to its second variable is (as a function of (z! ', £)) of the form 
g(z') + (C — z 'k) 1 ~ >J ' k MCj z '\ with 9 and ft, holomorphic and so the function 



z' e A) x • • • x D n h-> / 7y z / e 



7z 

is holomorphic. We call such a function (or some analytic extension of it) a Lauricella 
function. The Lauricella functions (with given weight system /x) span a complex vector 
space. We denote the space of germs of holomorphic functions at z e (C™ +1 )° that 
are germs of Lauricella functions by L z . It is clear that for z' € Do x • • • x D n , we 
can naturally identify L z i with L z . Here are some elementary properties of Lauricella 
functions (the proofs are left to the reader, who should be duely careful with exchanging 
differention and integration in the proof of (c) ). 

Proposition 1.2. Any / e L z 

(a) is translation invariant: f(zo + a, . . . , z n + a) = f(zo, . . . , z n ) for small a € C, 

(b) is homogeneous of degree 1 — |^|: f(e t z , ■ ■ ■ , e t z n ) = eJ 1 ^^^ t f(z , . . . , z„) for 
small t G C and 

(c) obeys the system of differential equations 

d 2 f ltd 8f\ n , , 

' m- Hk-^- ], 0<k<l<n. 



OZkdzt Zk-Zt^dZk ^d Zl , 

The translation invariance of the Lauricella functions suggests to introduce 

V n := C" +1 /main diagonal and V° := (C" +1 )°/main diagonal, 

as they are in fact defined on V°. The homogeneity implies that when = 1, these 
functions are also constant on the C x -orbits and hence factor through ¥(V°); for reasons 
which will become clear later, we call this the parabolic case. 

An important consequence of part (c) of the preceding proposition is 

Corollary 1.3. The map which assigns to f e L z its 1-jet at z is injective. 

Proof. If / € L z , then its partial derivatives fk := J^- satisfy the system of ordinary 
differential equations 

= — " — (w/fe ~ Mfe/l) . k^l. 
ozi Zk — zi 

We can complete this system as to get also such equations for by using the fact 
S/c fk — (which follows from the translation invariance). The elementary theory of 
such systems says that there is precisely one solution for it, once the initial conditions 
fk{z) are prescribed. To such a solution corresponds at most one element of L z up to a 
constant. □ 

1.2. Lauricella arc systems. 

Definition 1.4. Given (zo, ■ ■ ■ ,z n ) € C™ +1 , we define an L-arc system as to be an oriented 
arc in the Riemann sphere P 1 = CU {oo} from z to z n+ \ = oo which passes successively 
through z\,...z n and follows near oo the real axis in the positive direction. If 8 is such an 
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L-arc system, then we denote the piece connecting Zk-i with Zk by 5k and we often let 8 
also stand for the system of arcs (Si,.. ., S n+ i). 

The complement of the support of S is simply connected and so we have a well-defined 
determination of rj z on this complement which extends the one we already have on a left 
half space. We also extend r\ z to the support of 8 itself by insisting that r\ z be continuous 
'from the left' (which makes the determination of r\ z discontinuous along 8). With these 
conventions, J g r\ z has for k = 1, . . . , n a well defined meaning (and also makes sense 
for k = n + 1 in case fi n +i < 1)- If we let z vary in a small neighborhood, we get 
an element of L z that we simply denote by J g r/. We denote by S^ the arc connecting 
Zk-i with Zk that is 'infinitesimally' to the right of 8k- By this we really mean that rj z 
is given on 8^ the determination it gets as a limit from the right. Notice that f] z \8^ = 
cxp(-27rV^T(^o H h Hk-i))Vz\5k- 

Theorem 1.5. The functions f g 77, . . . , J g r\ define a basis for L z . Moreover, L z contains 
the constant functions if and only if we are in the parabolic case: \fi\ = 1. 

Proof. Any relative arc of (C, {zo, . . . , z n }) is homotopic to a composite of the arcs 8k, 
and their inverses (we want the homotopy be such that the determination of 77 varies con- 
tinuously). Since any two determinations of rj differ by a constant factor, this implies that 
the functions f g r\, . . . , J g 77 generate L z . 

If I /it I = 1, then Tj z is near 00 equal to —(~ 1 d(. So then for a loop 7 which encircles 
zo, ■ ■ ■ , z n in the clockwise direction, we have 

fvz=f -C'dC = 2ttV^I, 

which proves that L z contains the constant 2tt\/—1. 

It remains to show that if ai , . . . , a,k, c £ C are such that J2k=i a k f$ k V — c > then c^O 
implies \fj,\ = 1 and c = implies that all <n vanish as well. We prove this with induction 
on n. To this end, we consider a curve z(s) in (C n+1 )° of the form (zq, . . . , z n -2, 0, s), 
with s > and an L-arc system S(s) for z(s) with Si, ... , 8 n -i fixed and 5 n — [0, s]. 
By analytic continuation we may assume that Y^l=i a k Js k r lz(s) + a n Jq Vz(s) = c - We 
multiply this identity with s M ™ and investigate what happens for s — > 00. For k < n, 

a""/ »7»(.)=/ (^o-C)-' to ---(^-2-C)-^- 2 (-C)-' , ' l - 1 (l-s- 1 C)-' 1 ^C, 
which for s — > 00 tends to r?z', where z' = (z , . . . , z n -i). On the other hand, 

/Vo-cr M ---(-cr^- i (s-cr' t ^c 

Jo 

= S (- S )- 1 ^ 1 / (s-'zo +0"" - ••(c)-"' 1 - 1 (-i+cr^dc 

Jo 

= a(-a)-^ +o(|s| 1 -^l), s^oo. 

So we find that 

71— 1 ^ 

a"" (c + a„((- S ) 1 -W+o(| S | 1 -l' t l)) = ^> fe / Vx ,, 

k=i JSk 

This shows that c ^ implies \fj,\ = 1 (and a„ = (— l) - ^'). Suppose now c = 0. If 
Mn < I M I — 1 ' then the left hand side tends to zero as s — > 00 and so the right hand side 
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must be zero. Our induction hypothesis then implies that a\ = ■ ■ ■ = a„_i = and from 
this we see that a n = 0, too. If p, n > — 1, then we clearly must have a n = and the 
induction hypothesis implies that a\ = ■ ■ ■ = a„_i = 0, also. □ 

Remark 1 .6. So the space of solutions of the system of differential equations in Proposition 
ll.2l c is in the nonparabolic case equal to L z C, and contains L z as a hyperplane in the 
parabolic case. 

1 .3. The rank of the Schwarz map. We find it convenient to modify our basis of Lauri- 
cella functions by a scalar factor by putting 



F k (z,5):= / (C - z )-»° ■ ■ ■ (C ~ Zfe-i)"^- 1 ^ ~ Cr Mfc ' • ■ (*n - C)" M "^C 
Js k 

=w k T] z , where w fc e v/ ^ T7r( ' IO+ '" +AIfc - l) . 



a,, 



The notation now also displays the fact the value of the integral depends on the whole 
L-arc system (which was needed to make i] z univalued) and not just on 8 k . Notice that if 
z = x is real and xq < x\ < ■ ■ ■ < x n and 5 consists of real intervals, then the integrand 
is real valued and positive and hence so is F k - Let us also observe that 



r\ z = w k F k {z,5) and / r\ z = w k F k (z, 5), 
s k Js- 

where the second identity follows from the fact that r\ z \SZ — w\r) z \5 k . So if we are in the 
parabolic case, then the integral of r\ z along a clockwise loop which encloses {zo, . . . , z n } 
yields the identity J2k=i( w k ~ w k )F k (z, 5) = 2it\J~^\, or equivalently, 

n 

(1.1) ^Irm> fc )F fe (z,<S) = tt. 

In other words, F = (Fi , . . . , F n ) then maps to the affine hyperplane A™ -1 in C™ defined 
by this equation. 

Corollary 1.7. If we are not in the parabolic case, then F — (F\ , . . . , F n ), viewed 
as a multivalued map from V° to C™, is a local isomorphism and never takes the ori- 
gin of C n as value. In the parabolic case, F = (Fi, . . . , F n ) factors through a local 
(multivalued) isomorphism from V(V°) to the affine hyperplane A n_1 in C n defined by 
YZ=i Im(wfc)F fe = TT. 

Proof. Given (z, S), consider the n covectors dF\{z, 5), . . . , dF n (z, S) in the cotangent 
space of z. According to corollary II. 31 a linear relation among them must arise from a 
linear relation among the function germs F\, . . . , F n £ L z and the constant function 1. 
According to Theorem 1 1.51 such a relation exists if and only if = 1. The corollary 
easily follows, except perhaps the claim that F is nowhere zero. But if F k (z, S) = for 
all k, then we must have \fi\ ^ 1; since F will be constant zero on the C x -orbit through z 
this contradicts the fact that F is a local isomorphism. □ 

Definition 1.8. We call the multivalued map F from V° to C™ the Lauricella map and its 
projectivization PF from P(V^) to P™ -1 the Schwarz map for the weight system [i. 

The above corollary tells us that the Schwarz map always is a local isomorphism (which 
in the parabolic case takes values in the affine open A™ -1 C P™^ 1 ). 
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1.4. When points coalesce. We investigate the limiting behavior of F when some of 
the Zfe's come together. To be specific, fix < r < n and let for < e < 1, z £ = 
(ez , ■ ■ ■ ez r , z r+ i, . . . z n ) and see what happens when e — > 0. We assume here that 
z\,...,z r lie inside the unit disk, whereas the others are outside that disk and choose 8 
accordingly: S\, . . . , 8 r resp. 8 r+ 2 1 • • ■ , S n+ i lie inside resp. outside the unit disk. 
Put // := (ju , ■ • ■ , Mr), z' = (z , z r ). Then 

F k (z e ,6) = w k [ (ez Q - C)" M • • • (ez r - C)-^(z r+1 - CT^ +1 ■ ■ ■ (z n - Q~^d( 

= E^'^Wk [ (Z - ()-^ ■■■(Z r - Q-^{Zr+l - eC)^ 1 • • • (Zn ~ 0"^, 

Js k 

where in the last line (involving the passage to e( as the new integration varable) S k must 
be suitably re-interpreted. So for k <r, 

(1.2) e^'\- l F k {z £ ,8) = (1 + 0(e))z r 7T +1 • ■ ■ z^ F' k {z' ,8'), 
where F' k is a component of the Lauricella map with weight system fj,': 

F k {z',8') = w k [ (z - C)- W) ■■■(z k - ()-^d(. 

If k > r and in case k = r + 1, |//| < 1, we find 

(1.3) F k (z e ,S) = (l + 0(e))w k f (-()-^Hz r+1 -(r t * r+1 ---(zn-()-^d(. 

Assume now < 1. Then these estimates suggest to replace in F = (Fx, . . . , F n ), 
for k < r , F k by l _1 Ffc(.z, <5). In geometric terms, this amounts to enlarging the 
domain and range of F: now view it as a multivalued map defined an open subset of the 
blowup Bl( Zo ,...,z r ) V n of the diagonal defined zo = • • • = z r and as mapping to the blowup 
Bl(Fi,...,F r ) C" of the subspace of C™ defined by F\ = ■ ■ ■ = F r = 0. It maps the excep- 
tional divisor (defined by e = 0) to the exceptional divisor P*" -1 x C™~ r C 'Bl(F 1 ,...,F r ) C". 
If we identify the exceptional divisor in the domain with P(K-) x Vi+ n - r (the second com- 
ponent begins with the common value of zo, . . . , z r ), then we see that the first component 
of this restriction is the Schwarz map FF' for the weight system // and the second com- 
ponent is w r times the Lauricella map for the weight system (// , /U r +i, . . . , fi n ). 

If several such clusters are forming, then we have essentially a product situation. 

We shall also need to understand what happens when |//| = 1. Then taking the limit for 
e — > presents a problem for F r+ i only (the other components have well-defined limits). 
This is related to the fact that r\ z is univalued on the unit circle S 1 ; by the theory of residues 
we then have 

/ V, = [ (zo- C)-»° ■■■{.zn- C)-""dC - 2tt>/=Tv£ +1 • • • 
Js 1 Js 1 

We therefore replace r\ z by f\ z := • • • z^ 11 ^ and F by F := .z^-fi 1 ' ' ' ^n"-^ 1 - This 

does not change the Schwarz map, of course. Notice however, that now f gl ?7 Z = 27T\/^T. 

Lemma 1.9. Asrame that fi' is of parabolic type: = 1. Define Lauricella data ji" := 
(jUr+i, • • • , Mn+i). z " : = (Vh> ■ • • , z~ \ 0) and let 8" = (6", 8' 7 [_ r ) be the image of 
(8 r+ 2, ■ ■ ■ , 8 n+ i) under the map z ^ z~ x . Then we have 

p , Ul + 0(e))F^z',S') wheal <k<r, 

k{Ze ' ' UI + OIe))^.^//') whenr + 2<k<n, 
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= ~W, 



whereas lim £ ^o Re F r +\(z £ , S) = +00. Moreover, ^- m ( w k)Fk(z, 5) = n. 

Proof. The assertion for k < r is immediate from our previous calculation. For 1 < i < 
n — r — 1 we find 

F r+ i+i(z E ,£) = 

= w r+ i +i [ (ez - Cr M0 • • • (e*r - C)-" r (1 - -^J""*" 1 • • ■ (1 - ^)-^dC 

J8 r+1+i z r+l Z n 

f (ez - CY 1 * 3 ■ ■ ■ iez r - C 1 )-^^ - ■ • • (1 - ^-)-"» 

= mf / (l-eabO"" ' ' ' (l-^rCr^C— 0^" +1 • ■ ■ (—-Q-^i-Q-^dC 

J S'.' z r+l Z n 

= (l + 0(e))Fl'(z",5"). 

As to the limiting behavior of F r +i, observe that 

F r+1 (z e ,S) = 

(ezo - C)" w • • • (ez r - C)"^(l - -^-)~^ ... (1 - ^y^dC 

S r+ i Z r+X z n 

(C - ez )-^> • • • (C - ez r )-^(l - ••• (1 - i-)-^dC- 

For e — > 0, the integrand tends to — C/ z r+i)~ ftr+1 ■••(! — (/z n )~^ n , from which 

the asserted limiting behaviour easily follows. The last assertion follows from the fact that 
fgi Vz = 2iTy/—l (see the derivation of Equation II. IK ). □ 

So if we regard the Schwarz map as defined on an open subset of Bl( Zo 2fc ) P(V n ), 
then its composite with the projection of P™ — > P n_1 obtained by omitting F r is on the 
exceptional divisor given by [F{ : • • • : Fj. : F" : • • • : F^'_ 1 _ r ]. 

1.5. Monodromy group and monodromy cover. We begin with making a few remarks 
about the fundamental group of (C ,l+1 )°. We take [n] — (0, 1, 2, ... , n) as a base point 
for (C" +1 )° and use the same symbol for its image in V°. The projection (C™ +1 )° — > V° 
induces an isomorphism on fundamental groups: 7Ti((C n+1 )°, [n]) = iri(V°, [n]). This 
group is known as the pure (also called colored) braid group with n + 1 strands; we denote 
it by PBr n+ i. Another characterization of PBr„ + i is that as the group of connected com- 
ponents of the group of diffeomorphisms C — > C that are the identity outside a compact 
subset of C and fix each Zk- 

If a is a path in (C' l+1 )° from z to z', and if we are given an L-arc system 6 for z, then 
we can carry that system continuously along when we traverse a; we end up with an L-arc 
system 8' for z' and this L-arc system will be unique up to isotopy. In this way PBr„ + i 
acts on the set of isotopy classes of L-arc systems. It is not hard to see that this action 
is principal: for every ordered pair of isotopy classes of L-arc systems, there is a unique 
element of PBr„ + i which carries the first one onto the second one. 

The group PBr, i+ i has a set of distinguished elements, called Dehn twists, defined as 
follows. The basic Dehn twist is a diffeomorphismof the annulus L>i.2 C C : 1 < \z\ < 2; 
it is defined by re v/ ~ Te 1— > re v/ ~ T ( e+ ^ r '), where is a differentiable function which is 
zero resp. 2ir on a neighborhood of 1 resp. 2 (all such diffeomorphisms of L>i,2 are isotopic 
relative to the boundary dDi^)- If S is an oriented surface, and we are given an orientation 
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preserving diffeomorphism h : — * S, then the Dehn twist on the the image and the 
identity map on its complement define a diffeomorphism of S, which is also called a Dehn 
twist. Its isotopy class only depends on the isotopy class of the image of the counter 
clockwise oriented unit circle (as an oriented submanifold of S). These embedded circles 
occur here as the isotopy classes of embedded circles in C— {z\, . . . , z n }. A particular case 
of interest is such a circle encloses precisely two points of {z\, . . . , z n }, say Zk and z\. The 
isotopy class of such a circle defines and is defined by the isotopy class of an unoriented 
path in C — {z\, . . . , z n } that connects Zk and z\ (the boundary of a regular neighborhood 
of such a path gives an embedded circle). The element of the pure braid group associated 
to this is called simple; if we choose for every pair < k < I < n a simple element, then 
the resulting collection of simple elements is known to generate PBr„ + i. 

There is a standard way to obtain a covering of V° on which F is defined as a univalued 
map. Let us recall this in the present case. First notice that if a is a path in (C™ +1 )° 
from z to z', then analytic continuation along this path gives rise to an isomorphism of 
vector spaces p^ (a) : L z — ► L z i . This is compatible with composition: if (3 is a path in 
(C™ +1 )° from z' to z", then p fl (/3)p fl (a) = p^fia) (we use the functorial convention for 
composition of paths: (ia means a followed by j3). A loop in (C™ +1 )° based at [n] defines 
an element p^(a) e GL(£r„i) and we thus get a representation p M of PBr„ + i in Lr n i. 
The image of this monodromy representation is called the the monodromy group (of the 
Lauricella system with weight system p)\ we shall denote that group by T^, or simply by 
r. The monodromy representation defines a T-covering V° of V° on which the F^s are 
univalued. A point of V° can be represented as a pair (z, a), where a is a path in C" +1 
from [n] to z, with the understanding that (z 1 , a') represents the same point if and only if 
z — z' lies on the main diagonal (so that L z < = L z ) and = The action of V 

on V° is then given as follows: if g E T is represented by the loop a g in C™ +1 from [n], 
then g.[(z, a)] = [(z, aa^ 1 )]. But it is often more useful to represent a point of V° as a 
pair (z, S), where S is an L-arc system for z, with the understanding that (z 1 , 5') represents 
the same point if and only if z — z' lies on the main diagonal and Fk (z,S) = Fk (z 1 , 6') for 
all k — 1, . . . , n. For this description we see right away that the basic Lauricella functions 
define a univalued holomorphic map 

F = (F u ...F n ) : V° ->C n . 

Since \{z, 8)] only depends on the isotopy class of S, the action of T is also easily explicated 
in terms of the last description. The germ of F at the base point defines an isomorphism 
L* n ] — C": c = (ci, . . . , c„) G C n defines the linear form on L z which sends Fk to Cfe. If 
we let T act on C™ accordingly (i.e., as the dual of L[„j), then F becomes T-equivariant. 

The C x -action on V° given by scalar multiplication will lift not necessarily to ab- 
action on V°, but to one of a (possibly) infinite covering C x . For this action, F is homo- 
geneous of degree 1 — \p,\. Let us denote by P(V^) the C x -orbit space of V°. 

1 .6. Invariant Hermitian forms. Our goal is to prove the following theorem. 

Theorem 1.10. If\p\ < 1, then the monodromy group Y leaves invariant a positive definite 
Hermitian form H on C™. 

If \p\ = 1 (the parabolic case), then T leaves invariant a positive definite Hermitian 
form H on the (linear) translation hyperplane of the affine hyperplane A" -1 in C™, defined 

h ELi Mwk)F k = o. 
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Ifl < \fi\ < 2, then the monodromy group T leaves invariant a hyperbolic Hermitian 
form H on C" (so of signature (n — 1,1)) with the property that H(F(z, zj) < for all 

Before we begin the proof, let us make the following observation. If W is a finite 
dimensional complex vector space, then by definition a point u of P(W) is given by 
a one-dimensional subspace L p C W. An exercise shows that the complex tangent 
space T p P(W) of P(W) at p is naturally isomorphic to Hom(L p , W/L p ). If we are also 
given a Hermitian form H on W which is nonzero on L p , then it determines a Hermit- 
ian form Hp on T p P(W) = Hom(L p , W/L p ) as follows: since H is nonzero on L p , 
the //-orthogonal complement L p maps isomorphically W/L p ; if we choose a genera- 
tor u £ L p and think of a tangent vector as a linear map tj> : L p — ► Lp, then we put 
H p ((j),4>') '■= \H (u, u)\~ 1 H((f)(u), 4>'(u)). This is clearly independent of the generator u. 
It is also clear that H p only depends on the conformal equivalence class of H: it does not 
change if we multiply H by a positive scalar. 

If H is positive definite, then so is H p for every p £ ¥(W). In this way P(W) acquires 
a Hermitian metric, known as the Fubini-Study metric. It is in fact a Kahler manifold on 
which the unitary group of (W, H) acts transitively. 

There is another case of interest, namely when H has hyperbolic signature: if we restrict 
ourselves to the set B(W) of p £ P(W) for which H is negative on L p , then H p is positive 
definite as well. This defines a metric on B(W) which is invariant under the unitary group 
of (W, H). If we choose a basis of linear forms uo, ■ ■ ■ , u m on W such that H takes the 
standard form H{u, u) = — \uq\ 2 + \ui\ 2 + ■ ■ ■ + |u m | 2 , then we see that B(W) is defined 
in P(W) by the inequality |iti/iio| 2 + • • • + \u m /uo\ 2 < 1, which is simply the open 
unit ball in complex m-space. We call B(M / ) a complex-hyperbolic space and the metric 
defined above, the complex-hyperbolic metric. As in the Fubini-Study case, this metric 
makes B(W) a Kahler manifold on which the unitary group of (W, H) acts transitively. 
For m = 1 we recover the complex unit disk with its Poincare metric. 

Returning to the situation of Theorem ll.101 we see that in all three cases PF is a local 
isomorphism mapping to a homogeneous Kahler manifold: when \p\ < 1, the range is a 
Fubini-Study space P n _i (this notatation is a private one: the subscript is supposed to dis- 
tinguish it from the metricless projective space P™ -1 ), for \p\ = 1 we get a complex affine 
space with a translation invariant metric (indeed, denoted here by A„_i) and when \p\ > 1 
we get a complex ball B n _j with its complex-hyperbolic metric. Since these structures 
are T-invariant, we can state this more poignantly: the weight system p endows P(V°) 
with a natural Kahler metric locally isometric with a Fubini-Study metric, a flat metric or 
a complex-hyperbolic metric. We will therefore use the corresponding terminology for the 
cases \p\ < 1 and 1 < \p\ < 2 and call them the elliptic and hyperbolic case, respectively. 

Theorem 1 1 . 1 01 follows from more specific result that takes a bit of preparation to for- 
mulate. We shall associate to the weight system p a Hermitian form H on C" or on the 
hyperplane in C™ defined by 53fe=i ^ m i w k)Fk = in C", depending on whether \p\ is 
integral. We do this somewhat indirectly. Let H be the Hermitian form on C ,l+1 defined 

by 

H{F,G)= MwjWk)FkGj. 

l<j<k<n+l 

The //-orthogonal complement in C Il+1 of the last basis vector e„ + i is the hyperplane A 
defined by YJktl lm( w k)Fk = 0. When \p\ g Z, the projection A C C™ +1 -> C" (which 
forgets the last coordinate) is an isomorphism (since w n +i = e 7rv/ ^ T ' M ', Im(ui„+i) ^ in 
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that case) and thus identifies C n with this A; we let H then be the restriction of H to C™. 
If \/j,\ € Z, then lm(w n +i) = and hence the projection A C C n+1 — > C n has kernel 
Ce„+i and image the hyperplane A in C™ defined by 52fe=i Imt^fc)-^ = 0. So then 
induces a Hermitian form on A. The following proposition implies Theorem ll.101 



Proposition 1.11. The form H is Y -invariant for all weight systems /i. For < \fi\ < 1, 
the form H is positive definite. For I < < 2, H is of hyperbolic signature and we have 
H(F(z, 6), F{z, 6)) = N(z), where 

N{z) = / r, A f) = - [ \zo ~ CP 2 ' 10 ■ • • \zn ~ CI" 2 "™ |d(area). 



Proof. The assertions about the signature of H involve a linear algebra calculation that 
we leave to the reader (who may consult [4j). We do the hyperbolic case first, so assume 
1 < \fi\ < 2. First notice that the integral defining N(z) converges (here we use that 
> 1) and takes on a value which is real and negative. We claim that 

(1.4) N(z)= w J w k F 3 (z,S)F k (z,S). 

l<j<k<n+l 



To see this, let us integrate f] = r) z , using the determination defined by 5: 3>(C) := J z r l' 
where the path of integration is not allowed to cross supp((5). We have <i$ = r\ outside 
supp(<5) and by Stokes theorem 

N(z) = J c V/\V = J c d($r)) = ^ {j g ^1 - J s _ ®v \ ■ 

As to the last terms, we observe that on S k we have $(C) = J2j< k w j F j + Jz x *7 ( we 
abbreviate Fj(z, 5) by Ff), where the last integral is taken over a subarc of S k . Likewise, 

on 5-; ($|£fc)(C) = Ej<fe ™j F j + $z k -i ^ 7? ' Hence on 5k we have 

®v - (HSk) = ( %^ + / v ) * - 12 { w & + [ ^ ) ^ = 

j<k \ Jzk-i ) j <k \ JZk-1 ) 

j<k j<k 

which after integration over 6 k yields 

/ fry - / = Y {^jw k - Wjw k ) FjF k = — %= ^ lm(wjW k )FjF k , 
Js i> Js k j<k v-1 j<k 

Our claim follows if we substitute this identity in the formula for N above. 

We continue the proof. The claim implies that H(F(z,5), F(z,6)) — N(z). The 
function N is obviously T-invariant (it does not involve 5). Since N determines H, so is 
H . So this settles the hyperbolic case. 

For the elliptic and parabolic cases we may verify by hand that it is invariant under 
a generating set of monodromy transformations, but a computation free argument, based 
analytic continuation as in [4|, is perhaps more satisfying. It runs as follows: if we choose 
a finite set of generators oti, . . . , ajv of PBr n+ i, then for every weight system [i we have 
a projective linear transformation Pp M (on ) of P"~ 1 that depends in a real-analytic manner 
on fi. We will see that the Hermitian forms defined on an open subset of the tangent 
bundle of P™ -1 also depend real-analytically on fi; so if is preserved by the Pp M (ai)'s 
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for a nonempty open subset of p's, then it is preserved for all weight systems for which 
this makes sense. Hence Fp^cn) multiplies H by a scalar. For 1 < \p\ < 2 this scalar is 
constant 1 . Another analytic continuation argument implies that it is 1 for all p. □ 

1.7. Cohomological interpretation via local systems of rank one. We sketch a setting 
in terms of which the Hermitian form H is best understood. It will not play a role in what 
follows (hence may be skipped), although it will reappear in a more conventional context 
(and formally independent of this discussion) in Section |4] The reader should consult §2 
of for a more thorough treatment. 

Fix complex numbers a®, . . . , a n in <C X . Let L be a local system of rank one on U := 
C — {zo, . . . , z n } = P 1 — {zo, . . . , z n+ i} such that the (counterclockwise) monodromy 
around Zk is multiplication by o^. It is unique up to isomorphism. We fix a nonzero 
multivalued section e of L by choosing a nonzero section of L on some left half plane 
and then extend that section to the universal cover of U (defined by that left half plane). 
Denote by L := Ojj <g>c L the underlying holomorphic line bundle. So if p^ G C is such 
that exp(2Trpky / — 1) = ctk, then s(() := nfc=i( z fe — C) _Mfc ® e can be understood as a 
generating section of C. Likewise, sd( is a generating of £!(£) = (g>c L. Notice that C 
comes with a connection V : C — > Sl(£) characterized by 

v«-(E^)-C 

and that L is recovered from the pair (£, V) as the kernel of V. 

The topological Euler characteristic of a rank one local system on a space homotopy 
equivalent to a finite cell complex is independent of that local system and hence equal to 
the topological Euler characteristic of that space. So the topological Euler characteristic 
of L is —n. Now assume that ctk ^ 1 for all k. This ensures that L has no nonzero 
section. As there is no cohomology in degrees ^ 0, 1, this implies that dim H 1 (L) = n. 
Moreover, if j : U C P 1 is the inclusion, then the stalk of j*L in z& is represented by 
the sections of L on a punctured neighborhood of Zk, hence is zero unless k = n + 1 and 
otQ • • • ot n = 1: then it is nonzero. So the map of complexes j{L — * j*L has cokernel a 
one-dimensional skyscraper sheaf at oo or is an isomorphism. This implies that for the 
natural map i : H^(h) — > iJ x (L), dimKer(i) = dimCoker(i) is 1 or 0, depending on 
whether or not ctQ ■ ■ ■ a n = 1. We denote the image of i by Zff 1 (L). 

A relative arc a plus a section of L v over its relative interior defines a relative cycle 
of (P 1 , {zq, . . . , z„+i}) with values in L v and hence an element [a] of the relative homol- 
ogy space Hi (P 1 , { zq , . . . , z„+ 1 } ; L v ) . Alexander duality identifies the latter cohomology 
space with the dual of _ff 1 (L). To make the connection with the preceding, let us identify 
j] with sd( (we need not assume here that pk G (0, 1)), so that we have a De Rham class 
[rj\ G i7 1 (L). If we are given an L-arc system 5 and choose the determination of e on 8k 
prescribed by the arc system, then {?Bfc[(5fc]}5J =1 is a basis of ^(P 1 , {zq, . . . , z„ + i};L v ) 
and the value of [i]} on u>k [Sk] is just (z,5). 

We have a perfect (Poincare) duality H\ (L) x i? 1 (L v ) — * C, which, if cohomology is 
represented by means of forms, is given by integration over U of the cup product. Suppose 
now in addition that la^l = 1 for all k. This implies that L carries a flat metric; we 
choose this metric to be the one for which e has unit length. The metric may be viewed 
as a C-linear isomorphism of sheaves L — > L v (here L stands for the local system L with 
its complex conjugate complex structure) so that our perfect duality becomes a bilinear 
map H\ (L) x i/ 1 (L) — > C. We multiply that map by \\f— 1 and denote the resulting 
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sesquilinear map h : H^(h) x -ff x (L) — * C. Then h is Hermitian in the sense that if 
a, j3 £ Hl(L), then h(a,i*/3) — h((3,i*a), in particular, it induces a nondegenerate 
Hermitian form on 7i/ 1 (L). This is just minus the form we defined in Subsection ll.6l If 
we take /x^ £ (0, 1) for k = 0, . . . , n and assume 1 < < 2 (so that /ii n +i £ (0, 1) also 
and i is an isomorphism), then h([rj], [ij]) equals \\/—\ J c r\ A fj indeed and hence equals 
-N(z) = -H(F(z),F(z)). 

2. Orbifolds and discrete monodromy groups 

2.1. Monodromy defined by a simple Dehn twist. Let be given a relative arc 70 in 
(C, {zo, . . . , z„}) which connects z^ with Zi, k 7^ I. This defines a Dehn twist -D(7o) 
and hence an element T of PBr, i+ i. We determine the action of T on C". For this we 
need to make r/ z univalued. Suppose we are given a straight piece of arc that begins in 
Zi, but is otherwise disjoint from 70 so that a neighborhood of supp(7o) minus supp^c^) 
is simply connected. Then choose a determination for rj z on this simply connected open 
subset and let i] z \-fo be the limit from the left. Let 7 resp. 7' be an arc which ends in Zk 
resp. zi, but otherwise avoids {zq, . . . , z n } U supp(7o7i) (we also assume that 7' stays on 
the right of 7170). Then from a picture one sees that 

wf) / Vz, 



/ Vz 

Jt( 7 ) 


= 1 Vz-\ 
J j 


-(1- 


/ Vz 


= I Vz^ 

Jj 


- {-w, 


/ Vz 


2 2 
= w kWl 


/ Vz- 

'70 






\ one 



j 70 
2 1 „,.2„,,2\ 



Vz 



70 



Remembering that wf.wf = e 27rV one easily deduces from these formulae: 



Corollary 2.1. If fj,k + Hi 7^ 1, then T acts in C™ semisimply as a complex reflection 
over an angle 27r(/ifc + /i;). If + IM = 1> then T acts in C n as a nontrivial unipotent 
transformation. In particular, T acts with finite order if and only if ' p,k + fJ-i is a rational 
number 7^ 1. 

By a complex reflection we mean here a semisimple transformation which fixes a hy- 
perplane pointwise. In the elliptic and hyperbolic cases, T will be an orthogonal reflection 
with respect the Hermitian form H; in the parabolic case, it will be restrict to A„_i as an 
orthogonal affine reflection. 

2.2. Extension of the evaluation map. The T-covering V°^V° can sometimes be ex- 
tended as a ramified T-covering over a bigger open subset D V° of V n (the superscript 
/ stands for /inite ramification; we may write V„ instead of V r { if such precision is 

warranted). This means that we find a normal analytic variety Vn which contains V° as 
an open-dense subset and to which the T-action extends such that the T-orbit space can 
be identified with Vj . This involves a standard tool in analytic geometry that presumably 
goes back to Riemann and now falls under the heading of normalization. It goes like this. 
If v £ V n has a connected neighborhood U v in V° such that one (hence every) connected 
component of its preimage in V° is finite over U v n V°, then the T-covering over U v n V° 
extends to a ramified T-covering over U v . The property imposed on U v is equivalent to 
having finite monodromy over U v <~)V°. The extension is unique and so if V r { denotes the 

set of v £ V n with this property, then a ramified T-covering Vn — * Vj exists as asserted. 
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The naturality of the construction also ensures that the C x -action on V° (which covers the 

C x -action on V°) extends to Vn ■ 

The space V n receives a natural stratification from the stratification of C" +1 by its di- 
agonals and since the topology of Vj[ along strata does not change, Vj[ is an open union 
of strata. The codimension one strata are of the form D^ i, < k < I < n, parameterizing 
the z for which Zk—zi, but no other equality among its components holds. 

Lemma 2.2. The stratum Dk t i lies in Vj~ if and only if pk + M; is a rational number ^ 1. 
The Schwarz map extends across the preimage of F(Dk.i)) holomorphically if and only 
if fXk + Mi < 1 an d it does so as a local isomorphism if and only if ' 1 — fik — fii is the 
reciprocal of a positive integer. If\p\ ^ 1, then the corresponding assertions also hold for 
the Lauricella map. 

Proof. In order that Df.,1 C V£, it is necessary and sufficient that we have finite mon- 
odromy along a simple loop around Dk,i- This monodromy is the image of a Dehn twist 
along a circle separating Zk and z\ from the other elements of {zo, . . . , z n }. So the first 
assertion follows from Corollarv l2.ll 

If 70 connects Zk with zi within the circle specified above, then f q r\ z = (zk — 
2jj) 1- **»> _ w cxp(holom). This is essentially a consequence of the identity 

Jo 

Suppose now that /ik + Hi € Q — {1} and write 1 — /x^ — /xj = p/q with p, (/relatively prime 
integers with q > 0. So the order of the monodromy is q and over the preimage of a point 
of -Dfc j, we have a coordinate Zk,i with the property that Zk — zi pulls back to z\ ,. Hence 
/ 7 h pulls back to z p k v In order that the Schwarz map extends over the preimage of Dk : i 
holomorhically (resp. as a local isomorphism), a necessary condition is that the Lauricella 
function J q r\ z (which after all may be taken as part of a basis of Lauricella functions) is 
holomorphic (resp. has a nonzero derivative everywhere). This means that p > (resp. 
p = 1). It is not hard to verify that this is also sufficient. □ 

2.3. The elliptic and parabolic cases. Here the main result is: 

Theorem 2.3 (Elliptic case). Suppose that \fi\ < 1 and that for all < k < I < n, 

1 — jik — fJ-i is the reciprocal of an integer. Then T is a finite complex reflection group 
in GL(n,C) (so that in particular V£ = V n ) and F : V n — > C" is a T-equivariant 
isomorphism which drops to an isomorphism V n — > r\C n . 

So F(V n ) acquires in these cases the structure of an orbifold modeled on Fubini-Study 
space. At the same time we prove a proposition that will be also useful later. Observe that 
stratum of V n is given by a partition of {0, ... , n}: for z in this stratum we have Zk — Zi if 
and only if k and I belong to the same part. Let us say that this stratum is stable relative to 
fi if its associated partition has the property that every part has //-weight < 1, We denote 
by V* C V n (or Vn^ C V n ) the union of stable strata. 

Proposition 2.4. Suppose that whenever < k < I < n are such that pk + M( < 1> 
then 1 — pk ~ W iS the reciprocal of an integer. Then C V£, is a complex 
manifold. The Lauricella map extends holomorphically over this manifold and has the 
same regularity properties as the map it extends: it is a local isomorphism when we are 
not in the parabolic case, whereas in the parabolic case, the Schwarz map defines a local 
isomorphism to A n _i. 
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We shall need: 

Lemma 2.5. Let f : X — > Y be a local diffeomorphism from a manifold to a connected 
Riemannian manifold. Assume that X is complete for the induced metric. Then f is a 
covering map. 

Proof. We use the theorem of Hopf-Rinow which says that completeness is equivalent to 
the property that every geodesic extends indefinitely as a geodesic. Let y E Y. Choose 
e > such that the e-ball B(y, e) is the diffeomorphic image of the e-ball in T y Y under 
the exponential map. It is enough to show that every x € f~ 1 B(y, e) has a neighborhood 
which is mapped by / diffeomorphically onto B(y,e). Since X is complete, there is a 
(geodesic) lift of the geodesic in B(y, e) from f(x) to y which begins in x. Then the end 
point xo of that lift lies in f~ 1 y. Then B(xqs) contains x and maps diffeomorphically 
onto B(y,e). □ 

We now begin the proofs of Theorem l2.3l and Proposition l2.4l Let us write Ak for the 
assertion of Theorem l2.3l for k + 1 points and Bk for the assertion of Proposition ^. 3l for 
elliptic strata of codimension < k. Let us observe that B\ holds: an elliptic stratum of 
codimension one is a stratum of the form Dk,i satisfying the hypotheses of Lemma l2~2l 
We now continue with induction following the scheme below. 

Proof that Ak implies Bk- Consider a stratum of codimension k. Let us first assume that 
it is irreducible in the sense that it is given by a single part. Without loss of generality 
we may then assume that it is the open-dense in the locus zq = ■ ■ • = Zk- This is the 
situation we studied in Subsection 1 1 .41 ("mainly for this reason, as we can now confess). 
We found that F extends to as a multivalued map defined on an open subset of the blowup 
Bl( Zo ,..., Zi! ) V n going to the blowup Bl( Fl Ffc )C™. On the the exceptional divisor, F 
is the product of the Schwarz map for p' — (po, . . . , pk) and the Lauricella map for 
(\p'\, Pk+i, ■ ■ ■ , Mn)- Our hypothesis Ak then implies that the projectivized monodromy 
near a point of the stratum is finite. Equation II. 21 shows that in the transversal direction 
(the e coordinate) the multivaluedness is like that of (e) 1- ^ >. Since pi + pj € Q for all 
< i < j < k and the sum of these numbers is hk(k + l)\p'\, it follows that \p'\ £ Q. So 
we have also finite order monodromy along the exceptional divisor. This implies that we 
have finite local monodromy at a point of the stratum: the stratum is elliptic. We proved 
in fact slightly more, namely that this local monodromy group is the one associated to the 
Lauricella system of type p! . So we may then invoke Ak to conclude that is in fact 
smooth over this stratum. 

In the general case, with a stratum corresponding to several clusters forming, we have 
topologically a product situation: the local monodromy group near a point of that stratum 
decomposes as a product with each factor corresponding to a cluster being formed. It is 
clear that if each cluster is of elliptic type, then so is the stratum. Its preimage in will 
be smooth. 

The asserted regularity properties of this extension of the Lauricalla map hold on codi- 
mension strata by Lemma l2~2l But then they hold everywhere, because the locus where a 
homolomorphic map between complex manifolds of the same dimension fails to be a local 
isomorphism is of codimension < 1. □ 

Proof that B n _\ implies A n . Since B n -\ holds, it follows that V^f contains V n — {0}. 
Thus PF : P(V n ) — > P n _i is defined. The latter is a T-equivariant local isomorphism with 
r acting on P(V„) with compact fundamental domain (for its orbit space is the compact 
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P(V„)) and on the range as a group of isometries. This implies that P(14.) is complete. 

According to Lemma 1231 PF is then an isomorphism. Hence F : Vn- {0} — > C" — {0} 
is a covering projection. Since the domain of the latter is connected and the range is 
simply connected, this map is an isomorphism. In particular, P(Ki) is compact, so that 
the covering P(V^) — * P(Kj) is finite. This means that the projectivization of T is finite. 
On the other hand, the C x -action on V n — {0} needs a finite cover (of degree equal to the 

denominator of 1 — to lift to V n — {0}. This implies that T is finite, so that V,{ = V n . 
It is now clear that F : V n — > C" is an isomorphism. It is T-equivariant and drops to an 
isomorphism V n — ► T\C™ of affine varieties. □ 

In the parabolic case P(14,) acquires the structure of an orbifold modeled on flat space: 

Corollary 2.6 (Parabolic case). Suppose that = 1 and that for all < k < I < n, 

1 — /ifc — fii is the reciprocal of an integer. Then T acts as a complex Bieberbach group in 
A„_x, V r { = V n — {0} andPF : P(y„) — > A„_i is a T-equivariant isomorphism which 
drops to an isomorphism P(V^) — > T\A„_i. 

Proof. It follows from PropositionOlthat V,{ contains V n - {0} so that FF : F(V n ) — > 
A„_i is defined. The latter is a T-equivariant local isomorphism with V acting on the P(V^) 
with compact fundamental domain and on the range as a group of isometries. Hence P(V^) 
is complete. It the follows from Lemma l2~5l that PF is a T-equivariant isomorphism. It also 
follows that T acts on A„_i discretely with compact fundamental domain. This group is 
generated by complex reflections, in particular it is a complex Bieberbach group. Clearly, 
PF induces an isomorphism P(V^) = T\A„_i. □ 



We have also partial converses of Theorem l2.3l and Corollary 12. 61 They will be conse- 
quences of 

Lemma 2.7. The Lauricella map extends holomorphically over any stable stratum con- 
tained in Vf. 

Proof. Let S C {0, . . . , n} define an stable stratum D$ (i.e., S has at least two members 
an d Efees ^ k ^ 1) an( ^ assume mat D$ C V£. If < k < I < n is contained in S, 
then Hk + hi < \fi\ < 1 and so the associated monodromy transformation T is according 
to Corollary 12. ll a reflection over an angle 27r(/i/ £ + Hi)- Since D$ C Vj[, we must have 
/ifc + Mi G Q- Lemma l2~2l tells us that F then extends holomorphically over the preimage of 
Dk : i- The usual codimension argument implies that this is then also so over the preimage 
of D s . □ 

Proposition 2.8. If < 1 and T is finite, then the Lauricella map drops to a finite map 
V n ^T\C n . 

If = 1, n > 1 and T acts on the complex Euclidean space A n _i as a complex 
Bieberbach group, then Vj[ = V n and the Schwarz map drops to a finite map P(V"„) — > 

r\A n _i. 



Proof. In the elliptic case, it follows from Lemma lZTl that the map F drops to a map V„ — > 
T\C" which exists in the complex-analytic category. The map in question is homogeneous 
(relative to the natural C x -actions) and the preimage of is 0. Hence it must be a finite 
morphism. In the parabolic case, the lemma implies that the Schwarz map determines a 
map P(V^) — > T\A„_i which lives in the complex-analytic category. This map will be 
finite, because its fibers are discrete and its domain is compact. □ 
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3. The hyperbolic case 
Throughout this section we always suppose that 1 < < 2. 

3.1. A projective set-up. An important difference with the elliptic and the parabolic cases 
is that z n+ i = oo is now of the same nature as the finite singular points, since we have 
Hn+i = 1 — G (0, 1). This tells us that we should treat all the points zq, . . . , z n +i 
on the same footing. In more precise terms, instead of taking z n+ \ = oo and study the 
transformation behavior of the Lauricella integrals under the affine group C x k C of C, we 
should let zq, ... , z n +i be distinct, but otherwise arbitrary points of P 1 and let the group 
PGL(2, C) take role of the affine group. This means in practice that we will sometimes 
allow some finite Zk to coalesce with z n +i (that is, to fly off to infinity). For this we 
proceed as follows. Let Zq, . . . , Z n+ \ be nonzero linear forms on C 2 defining distinct 
points zq, . . . , z n+ i of P 1 . Consider the multivalued 2-form on C 2 defined by 

Zo{()-»° ■ ■■Z n+1 (C)-^ +1 dCo A dCi. 

Let us see how this transforms under the group GL(2, C). The subgroup SL(2, C) leaves 
d( a A d(i invariant, and so it simply transforms under SL(2,C) via the latter's diagonal 
action on the (C 2 )" +2 (the space that contains Z = (Zq, . . . , Z n +i)). The subgroup of 
scalars, C x C GL(2, C) leaves the 2-form invariant. So the form has a pole of order one 
at the projective line P 1 at infinity. We denote the residue of that form on P 1 by r\z- It is 
now clear, that a Lauricella function f r\z will be GL(2, C)-invariant. Since the 2-form 
(and hence r\z) is homogeneous of degree — fik m Zk, it follows that the quotient of two 
Lauricella functions will only depend on the GL(2, C)-orbit of (zq, . . . , z n+ \). 

Let <2° denote the SL(2, C)-orbit space of the subset of (p 1 )™+ 2 parameterizing distinct 
(n + 2)-tuples in P 1 . This is in a natural way a smooth algebraic variety which can be 
identified with P(V^) (every orbit is represented by an (n + 2)-tuple of which the last point 
is oo). So we have a T-covering Q° — > Q° and a local isomorphism FF : <2° — > B n _i. 
Thus far our treatment of z n+ i as one of the other Zi's has not accomplished anything, but 
it will matter when we seek to extend it as a ramified covering. 

We say that z — (zq, . . . , z n +i) € (P 1 )™+ 2 is ^-stable resp. [i-semistable if the E- 
divisor Div(z) := X)fe=o Mfel^fe) h as no point of weight > 1 resp. > 1. Let us denote 
the corresponding (Zariski open) subsets of (p 1 ) n + 2 by resp. C/^ st . Notice that when 
z is ^i-stable, the support of J2k=o ^k(zk) has at least three points. This implies that the 
SL(2, C)-orbit space (denoted Q s *) of Uff is in a natural manner a nonsingular algebraic 
variety: given a ^-stable point z, we can always pick three pairwise distinct components 
for use as an affine coordinate for P 1 . By means of this coordinate we get a nonempty 
Zariski-open subset in (P 1 )" -1 which maps bijectively to an open subset of QjJ. These 
bijections define an atlas for the claimed structure. In the semistable case, we can choose 
a coordinate for P 1 such that oo has weight 1. 

Geometric Invariant Theory tells us that in case the /Xfe's are all rational, one can com- 
pactify Q s * to a projective variety by adding just finitely many points: one point for each 
orbit containing a point whose associated divisor is (0) + (oo) or equivalently, for each 
splitting of {0, ...,n+l} into two subsets, each of which of total /i-weight 1. (So if no 
such splitting exists, then Q s * is already projective variety.) Let us denote that projective 
compactification by Q^ st . This is in fact a quotient of a l^f* with the property that each 
fiber is the closure of a SL(2, C)-orbit and contains a unique closed SL(2, C)-orbit (in the 
strictly stable case the latter is represented by a z whose divisor is (0) + (oo)). 
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Theorem 3.1. Assume that for every pair 0<k<l<n + lfor which fj,k + m < 1, 
1 — (J-k — f^l is the reciprocal of an integer. Then the monodromy covering Q° — > Q° 
extends to a ramified covering Q s ^ — > Q^' ant/ -F extends to a T-equivariant isomorphism 

Q s * —* B n _i. Moreover F arts i'n B m discretely and with finite covolume; this action is 
with compact fundamental domain if and only no subsequence of fi has weight 1. 

Remarks 3.2. Our hypotheses imply that the /i^'s are all rational so that the GIT com- 
pactification Q^ st makes sense. The compactication of r\B„_i that results by r\B„_i = 
Q s } C Q^ st coincides with the Baily-Borel compactification of T\B„_i. 

The cohomology and intersection homology of the variety Q^ st has been investigated 
by Kirwan-Lee-Weintraub [8|. 

Before we begin the proof of Theorem 13. II we need to know a little bit about the be- 
havior of the complex hyperbolic metric on a complex ball near a cusp. Let W be a 
finite dimensional complex vector space equipped with a nondegenerate Hermitian form 
H of hyperbolic signature so that H(w, w) > defines a complex ball B(W) C P(W / ). 
Let e £ W be a nonzero isotropic vector. Since its orthogonal complement is negative 
semidefinite, every positive definite line will meet the affine hyperplane in W defined by 
H(w,e) = — 1. In this way we find an open subset fi e in this hyperplane which maps iso- 
morphically onto B(H^). This is what is called a realization of B(W) as a Siegel domain 
of the second kind. 

Lemma 3.3. The subset fi of the affine space H(w,e) = —1 defined by H(w,w) < 
is invariant under translation by R>oe. If K C fi is compact and measurable, then 
K + \J — lM>oe is as asubset o/fi complete and of finite volume. 

Proof. This is well-known, but we outline the proof anyway. Write eo for e and let e\ € W 
be another isotropic vector such that H(eo,ex) = 1 and denote by W' the orthogonal 
complement of the span of eo, ey. So if we write w = wo^o + W\ei + w' with w' £ W, 
then il is defined by w\ = —1 and Re(wo) > hH(w', w'). This shows in particular that 
SI is invariant under translation by re, when Re(r) > 0. Let K a C be compact ball 
and suppose that w £ K a i— > H(w, ei) is constant. If R > 0, then the map (u>, y, x) £ 
K a x [-R, R] x R>o — > (w + (x + \J — ly)eo £ fi, is an embedding. It is straightforward to 
verify that the pull-back of the metric of £1 = B(VK) is comparible to the 'warped metric' 
x ~ 1 {9q.\k ) + x~ 2 (dx 2 + dy 2 ). From this it easily follows that K Q x [-R, R] x R> is 
complete and of finite volume. Since any compact measurable K C fi is covered by the 
image of finitely many maps K Q x [-R, R] x R>o — > fi as above, the lemma follows. □ 

It follows from Proposition[^]that Qf£ C and that the Schwarz map PF : Qfi — > 
B„_i is a local isomorphism. So Q s * inherits a metric from B n _i. We need to show that 
Q s * is complete and has finite volume. The crucial step toward this is: 

Lemma 3.4. Let < r < n be such that p,Q + • • • + fj, r = 1. Denote by D the set of 
(zo, . . . , z n ) £ <C n+1 satisfying \zq\ < ■ ■ ■ < \z r \ < 1 < 2 < \z r +i\ < ■ ■ ■ < \z n \ and 
za + • • • + z r = 0. Then D embeds in Q° and its closure in Q s * is complete and of bounded 
volume. 

Proof. That D embeds in Q° is clear. Let D' C D be the open-dense subset of z £ D 
for which | arg(zfe)| < ir for all k. There is a natural isotopy class of L-arc systems 6 for 
every z £ D' characterized by the property that never crosses the negative real axis and 
\8k\ is monotonous. This defines a lift D' of D 1 to so that is defined F : D —> C". 
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For t > 0, denote by D'(t) the set of z 6 D for which \zq ■ ■ ■ z r \/\z r +\ ■ ■ ■ z n \ > t. It is 
easy to see that D'(t) has compact closure in Q s * and so the closure of its preimage D'(t) 

in Q s * is compact as well. 

Since po + ■ ■ ■ + p r = 1, Lemma [O] will apply here. As in that lemma, we put 
F := z~f[ +1 ■ ■ ■ z~^ n F . According to that lemma we have Y^k=i ^ m ( w k)Fk(z) = 0. 
This amounts to saying that H(F, e r +i) = — n, where e r +i denotes the (r + l)th basis 
vector of C™. (For H(F, G) = Y,i<j<k<n+i Im{wjWk)GjF k and so H(e r+ i, G) = 
J2i<j< r ^ m ( w j)Gj-) We also notice that H(e r+ i, e r +i) = 0. So F maps to the Siegel 
domain 57 defined in Lemma l3~4l if we take e := Tt~ 1 e r +±. Hence the lemma will follow if 
we show that the image of D in £1 is contained in a subset of the form K + R>oe r+ i. Now 
notice that for < e < 1, z i— * z z maps D(t) onto D'{te n+1 ). From LemmaO we see 
that the coordinates Fk stay bounded on D' for all fc ^ r + 1, whereas Re F r+ \ \ D > m — > oo 
as t — * 0. This means that D' in fl is contained in a subset of the form K + R>oe r +i. □ 

Proof of Theorem \3.1\ The GIT compactification Q^ st of Q a * adds a point for every per- 
mutation a of {0, . . . , n } for which /~t CT (o) + ■ ■ • + /V(r) = 1 f° r some < r < n. If a is 
such a permutation, then we have defined an open subset D a C <2° as in Lemma l3!4l and 
according to that Lemma, the closure of D a in Q s * is complete and of finite volume. The 
complement in QfJ of the union of these closures is easily seen to be compact. Hence Q s * 
is complete and of finite volume. The theorem now follows from Lemma 1231 (bearing in 
mind that Q^ st = Q s * if and only if no subsequence of fi has weight 1). □ 

3.2. Extending the range of applicability. We begin with stating a partial converse to 
Theorem l3.ll the hyperbolic counterpart of Proposition ^. 81 

Proposition 3.5. Suppose that 1 < \p,\ < 2, n > 1 and T acts on B„_i as a discrete 
group. Then T has finite covolume and the Schwarz map drops to a finite morphism Q s * — > 

r\i„_i. 

Proof. It follows from Lemma |2~71 that the Schwarz map is defined over QfJ and hence 
drops to a map Q a * — > r\B„_i. It follows from Lemma l3~31 ("bv argueing as in the proof of 
Theorem l3.1> that Q s * is complete as a metric orbifold and of finite volume. This implies 
that Q s * — > r\B n _i is a finite morphism. □ 

This immediately raises the question which weight systems /i satisfy the hypotheses of 
Proposition l3.5l The first step toward the answer was taken by Mostow himself |9|, who 
observed that if some of the weights p,}. coincide, then the conditions of ( 12. 3> , \2.6\ and 
( 13. 1> may be relaxed, while still ensuring that T is a discrete subgroup of the relevant Lie 
group. The idea is this: if 6> M denotes the group of permutations of {0, . . . , n + 1} which 
preserve the weights, then we should regard the Lauricella map F as being multivalued 
on Sfj\V°, rather than on V°. This can make a difference, for the monodromy cover of 
Sfj\V° need not factor through V°. We get the following variant of Lemma l2~2l 

Lemma 3.6. Suppose that in Lemma [T?2\ we have ui- = pi G Q— {^}. Then the Lauricella 
map (the Schwarz map if = 1) extends over the image in D^j in Sfj_\V° as a local 
isomorphism if and only if i — pk is the reciprocal of a positive integer. 

Definition 3.7. We say that p satisfies the half integrality conditions if whenever for < 
k < I < n + 1 we have pk+ Pi < 1, then (1 — pk — l^i) 1 is an integer or in case pk = Hi, 
just half an integer. 
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This notion is a priori weaker than Mostow's HINT condition, but in the end it appar- 
ently leads to the same set of weight systems. Now Proposition 12.41 takes the following 
form. 

Proposition 3.8. If \i satisfies the half integrality conditions, then C V^, 5 M \V^ t is 

nonsingular, and the Lauricella map extends holomorphically to iS^\V^*. This extension 
has the same regularity properties as the map it extends: it is a local isomorphism when 
we are not in the parabolic case, whereas in the parabolic case, the Schwarz map defines 
a local isomorphism to A n _i. 

This leads to (see |9| and for the present version, |4|): 

Theorem 3.9. Suppose that /i satisfies the half integrality conditions. 

ell: If \p\ < 1, then T is a finite complex reflection group in GL(n, C) and F : 
S^\V n — > C" is a T-equivariant isomorphism which drops to an isomorphism 

5„\k -f r\c B . 

par: If \p\ = 1, then T acts as a complex Bieberbach group in A„_i, V 7 { = V n — {0} 

andFF : ¥(S^\V n ) — > A„_i is a T-equivariant isomorphism which drops to an 
isomorphism ¥{S ll \V n ) — > r\A„_i. 

hyp: Ifl < \p\ < 2, then the monodromy covering — > 5^\Q° extends to a ram- 
ified covering <S M \Q^* — * 5 M \Q^ I t and F extends to a T-equivariant isomorphism 
S^\Q S ^ — > B n _i. Moreover T acts discretely in B m and with finite covolume. 

Example. Let us take n < 10 and [if. = i for k = 0, . . . , n. So we have fi n +i = 
The half integrality conditions are fulfilled for all n < 10 with 1 < n < 4, n = 5, 
6 < n < 1 1 yielding an elliptic, parabolic and hyperbolic case, respectively and is the 
permutation group of {0, ... , n} for n < 9 and the one of {0, . . . , 11} for n = 10. 

Mostow subsequently showed that in the hyperbolic range with n > 3 we thus find all 
but ten of the discrete monodromy groups of finite covolume: one is missed for n — 4 
(namely (j^, ^, ™, ^)) and nine for n = 3 (see fTUl, (5.1)). He conjectured that 

in these nine cases T is always commensurable with a group obtained from Theorem l3.9l 
This was proved by his student Sauter | HJ. It is perhaps no surprise that things are a bit 
different when n — 2 (so that we are dealing with discrete groups of automorphism of the 
unit disk): indeed, the exceptions then make up a number of infinite series (| 10 1, Theorem 
3.8). It turns out that for n > 10 the monodromy group is never discrete and that for 
n = 10 this happens only when pk — ^ for fc = 0, . . . , 10. (It is not known whether 
there exist discrete subgroups of isometry groups of finite covolume of a complex ball of 
dimension > 10.) 

4. Modular interpretation 

We assume here that we are in the Q-hyperbolic case: p,k <= (0, 1) and rational for 
k = 0, . . . , n + 1 (with Y^k=o Mfc — 2 as always). 

4.1. Cyclic covers of P 1 . We will show that the Schwarz map can be interpreted as a 
'fractional period' map. This comes about by passing to a cyclic cover of P 1 on which the 
Lauricella integrand becomes a regular differential. Concretely, write pk = dk/m with 
dk, m positive integers such that the dfc's have no common divisor, and write rrik for the 
denominator of pk- Consider the cyclic cover C — > P 1 of order to which has ramification 
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over Zk of order mu- In affine coordinates, C is given as the normalization of the curve 
defined by 

n 

™ m = ii(zk-o dh - 

k=0 

This is a cyclic covering which has the group G m of 771th roots of unity as its Galois group: 
g*(w, z) — (x(g)w,z), where \ '■ G m C C x stands for the tautological character. The 
Lauricella integrand pulls back to a univalued differential fj on C, represented by w~ 1 dC, 
so that g*(fj) = x{g)v- Hence, if we let G m act on forms in the usual manner (g £ G m 
acts as (g -1 )*), then 77 is an eigenvector with character \- It i s easily checked that 77 is 
regular everywhere. 

In order to put this in a period setting, we recall some generalities concerning the Hodge 
decomposition of C: its space of holomorphic differentials, 17(C), has dimension equal to 
the genus g of C and H 1 (C; C) is canonically represented on the form level by the direct 
sum 17(C) ffi 17(C) (complex conjugation on forms corresponds to complex conjugation 
in H X (C] C) with respect to H X (C] R)). The intersection product on if^C; Z) defined 
by (a, (3) 1— > (a U /3)[C] (where the fundamental class [C] <E ^(C, Z) is specified by the 
complex orientation of C), is on the form level given by J c a A/3. The associated Hermitian 

form on i? 1 (C; C) defined by /i(a, 0) := ^^-(a U /3)[C] = J c a A /3 has signature 
(g, g). The Hodge decomposition H 1 (C; R) = 17(C) 17(C) is /i-orthogonal with the first 
summand positive definite and the second negative definite. The Hodge decomposition, the 
intersection product and (hence) the Hermitian form h are all left invariant by the action of 

G m - 

Proposition 4.1. The eigenspace 17(C) X is of dimension one and spanned by fj and the 
eigenspace 17(C) X is of dimension n— 1. The eigenspace H l (C, C) x has signature (1, 71 — 
1) andwe have h(fj 7 fj) = —mN(F(z) 1 F(z)). 

Lemma 4.2. Let r £ {0, 1, . . . , m — 1}. Then the eigenspace 17(C) X is spanned by the 
forms w~ r /(CMC where f runs over the polynomials of degree < — 1 + r X)fc=o ^ la ^ 
have in Zf. a zero of order > [r/j/;], k = 0, . . . , n. In particular, dim 17(C) X is the largest 
integer smaller than X)fc=o{ r ^ fe } ( reca ^ mat { a } := a ~ [ a ]J- 

Proof. Any meromorphic differential on C which transforms according to the character 
\ r , r = 0, 1, . . . , m — 1, is of the form w~ r f (()d( with / meromorphic. A local compu- 
tation shows that in order that such a differential be regular, it is necessary and sufficient 
that / be a polynomial of degree < — 1 + r X)fc=o ^ which has in Zk a zero of order 
> — 1 + r/ifc, that is, of order > [r/Xfe]. □ 

Proof of Proposition ^. 71 If we apply Lemma l4~2l to the case r = 1, then we find that / 
must have degree < — 1 + X)l-=o A*fc = 1 ~ Mn+i an d as /i n +i G (0, 1), this means that / 
is constant. So fj spans 17(C) X . 

For r = m — 1, we find that dim 17(C) X is the largest integer smaller than Y^k=oi( m ~ 
!)Mfe} = Y,k=oi d k _ Mfe} = Lfc=o( 1_ ^fc) = n-l + /j„ + i, that is, n-1. Since 17(C) X 
is the complex conjugate of 17(C) X , it follows that this space has dimension n — 1 also. 

That H l (C, C) x has signature (1, n — 1) is now a consequence of its orthogonal de- 
composition into 17(C) X and 17(C) X . Finally, 

J~^l f - mJ~^l f 

Hv, n) = J c v A ^ = — 2 — j c vhr, = _miV ^' °)- D 
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So the Schwarz map PF : Q s * — > B n _i can now be understood as attaching to the 
curve C with its G m -action the Hodge decomposition of i? 1 (C; C) x . 

4.2. Arithmeticity. The above computation leads to the following arithmeticity criterion 
forT: 

Theorem 4.3. The monodromy group Y is arithmetic if and only if for every r 6 (Z/m) x — 
{±1} we have YZ=oi r ^} < 1 or Efe=o{- r /»fc} < L 

We need the following density lemma. 

Lemma 4.4. The Zariski closure ofY in GL(i7 1 (C, C) x H\C, C)*) is defined over R 
anc/ f/;e image of its group of real points in the general linear group ofH 1 (C, C) x contains 
the special unitary group of H 1 (C, <C) X . 

The proof amounts to exhibiting sufficiently many complex reflections in Y. It is some- 
what technical and we therefore omit it. 

Proof of Theorem [4.3\ Let us abbreviate iJ 1 (C, C) x by H r . The smallest subspace of 
H 1 (C, C) which contains H\ and is defined over Q) is the sum of the eigenspaces H ; — 
® r £(z/ m )xH r . We may identify with the quotient of H l {C, C) by the span of the 
images of the maps H 1 (Gk\C, C) — > if 1 (C, C), where fc runs over the divisors ^ 1 of m. 
In particular, H(Z) := H 1 (C, Z) C\H spans iJ. The monodromy group Y may be regarded 
as a subgroup of GL(iZz). On the other hand, T preserves each summand H r . So if we 
denote by Q the Q-Zariski closure of Y in GL(H), then T C <?(Z) and (?(C) decomposes 
as £/(C) = IIre(z/m)x ^r(C) with Q r (C) C GL(i? r ). To say that Y is arithmetic is to say 
that T is of finite index in Q (Z). 

Since H r © _ff_ r is defined over R, so is Q T - r := x Q- T . According to Lemma l4~4l 
the image of CJi _i(M) in Q r (C) contains the special unitary group of Hi. The summand 
H r with its Hermitian form is for r 6 (Z/to) x a Galois conjugate of Hi and so it then 
follows that the image of £/ r ._ r (R) in Q r (C) contains the special unitary group of H r . 

Suppose now that Y is arithmetic. The projection Q(R) — > is injective on T 

and so the kernel of this projection must be anisotropic: Q r .- r (M.) is compact for r ^ ±1. 
This means that the Hermitian form on H r is definite for r 7^ ±1. Since H r = il(C) x 
fi(C) x ~' with the first summand positive and the second summand negative, this means 
that for every r S (Z/m) x — {±1} (at least) one of the two summands must be trivial. 
Following Lemma l4~2l this amounts to X)fc=o{ r Mfc} < 1 or X)fc=o{~ r Mfc} < !• 

Suppose conversely, that for all all r £ (Z/m) x — {±1} we have X)fc=o{ r 7 i fc} < 1 or 
Sfe=o{ — r / ifc i < 1- As we have just seen, this amounts to £/ r ,-r(R) being compact for 
all r e (Z/m) x — {±1}. In other words, the projection, C?(R) — > £a.-i(R) has compact 
kernel. Since £7(Z) is discrete in (7(K), it follows that its image in Q-y is discrete as 

well. In particular, Y is discrete in GL(iJi). Following Proposition 13 .51 this implies that 
r has finite covolume in t/i _i(R). Hence it has also in finite covolume in Q(M.). This 
implies that Y has finite index in Q(Z). □ 

Example. The case for which n = 3, (p,Q, Hi, M2, ^3) = (to > J2, t| j rn) ( so that /i4 = y|) 
satisfies the hypotheses of Theorem l3.ll hence yields a monodromy group which operates 
on B2 discretely with compact fundamental domain. But the group is not arithmetic since 
we have both I]Lo{ 5 Mfc} = f > 1 and Y,l=oi~ 5 'Mfc} = | > 1- 
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4.3. Working over a ring of cyclotomic integers. If we are given an L-arc system 5, 
then G —* P 1 comes with a section (continuous outside S) in much the same way as we 
found a determination of r\ z : for £ in a left half plane, Ilfc=o( Zfc — dk nas argument 
< 7r/2 in absolute value and so has there a natural mth root (with argument < it /2m in 
absolute value); the resulting section we find there is then extended in the obvious way. We 
identify Sk with its image in G under the section and thus regard it as a chain on G. For 
k = 1, . . . , n, we introduce a Z[C m ]-valued 1-chain on G: 

£k ■= w k X x(g)g*$k- 

geG m 

Notice that the coefficient Wk is an mth root of unity and so a unit of Z[£ m ]. We put it in, 
in order to maintain the connection with the Lauricella map. It will also have the effect of 
keeping some of the formulae simple. 

Lemma 4.5. The element Sk is a 1-cycle on C with values in Z[£ m ] and has the prop- 
erty that g*£k — x(g)£k (and hence defines an element of H\(C, Z[£ TO ])*,). We have 
J £k fj — mFk(z, 5). Moreover, Hi(C, Z[£ m ])* is as a 7\^ m ]-module freely generated by 
£\i • • • j s n . 

Proof. The identity involving integrals is verified by 

/ v = w k ^ xia) I v = w k X xig) / g*v = 

£k geG m Jg*&k g eG m •' Sk 

= Wk X xig) / X.ig)v = m, Wk / r\ = mFk(z,5). 

geG m k k 

Give P 1 the structure of a finite cell complex by taking the singletons {zq, . . . , z n } as 0- 
cells, the intervals 5\,. . . ,5 n minus their end points as 1-cells and P 1 — U" =fe <5fc as 2-cell. 
The connected components of the preimages of cells in C give the latter the structure of a 
finite cell complex as well (over the 2-cell we have one point of ramification, namely oo, 
and so connected components of its preimage are indeed 2-cells). The resulting cellular 
chain complex of C, 

-» C 2 -» d -» C -> 0, 
comes with a G m -action. Notice that C\ is the free Z[G m ] -module generated by 6i,...,6 n . 
On the other hand, C S ®' fe l =0 Z[G m /G m J and G 2 S Z[G m /G m „ +1 ], so that (C )* = 
(G2) x = 0. The remaining assertions of the lemma follows from this. □ 

We explicitly describe the Hermitian form on the free Z[£ m ]-module Hi (G, Z[C m ]) x : 

Proposition 4.6. The Hermitian form H = —^h is on the basis (ei, . . . , e n ) given as 
follows: for 1 < I < k < n we have 

'0 ifl<k-l, 
— \ sin(7r/m) _1 ifl = k — \, 



H(s k ,£i) = < 



jj(cot(7r/r7jfc_i) + cot(7r/mfe)) ifl = k. 

It is perhaps noteworthy that this proposition shows that the matrix of H on ei, . . . , e n 
only involves the denominators of the weigths po, . . . ,p, n . The proof relies on a local 
computation of intersection multiplicities with values in Z[£ m ]. The basic situation is the 
following. Consider the G m -covering X over the complex unit disk A defined by w m = 
z d , where rfe {1, . . . , m — 1} and g e G m acts as g*w — \{g)w- The normalization X of 
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X consists of e := gcd(<i, rn) copies A, {Ak}kez/e> as follows: if we write m = em and 
d = ed and t% is the coordinate of A&, then A^ — * X is given by z — t m and w = C m i/?> 
so that on A fe , w™ = Cm™*f™ = C^ d - If 01 G G m is such that x(ffi) = Cm. then 
9*{tk+i) = tk k = 0, 1 . . . , e - 1 and gfto = Cm*e-i (because u>|A fc+ i = Cm +1 *fc+i and 

( 5 »|A fc = C m ^|A fe = C m +1 if)- 

Choose e (0, 27r) and let 5 resp. (5' be the ray on Ao defined by to = r resp. to = 
r exp(y/—W/fri) with < r < 1, We regard either as a chain with closed support. Notice 
that z maps 6 resp. 6' onto [0, 1) resp. a ray ^ [0, 1). Consider the Z[£ m ]-valued chains 
with closed support 

S~ x(g)g*S, $' ■= x{g)gJ'- 

geG m g eG m 

These are in fact 1-cycles with closed support which only meet in the preimage of the 
origin (a finite set). So they have a well-defined intersection number. 

Lemma 4.7. We have 5 ■ 5' = mQ m (Q m — = im(l — \/ —lcot{ir /m)). 

Proof. This intersection product gets a contribution from each connected component A k . 
Because of the G m -equivariance these contributions are the same and so it is enough to 
show that the contribution coming from one of them is (m/2e)(l + V - 1 cot(7r/2m)) = 
|m(l + a/— 1 cot(7r/2m)). This means that there is no loss in generality in assuming 
that d and m are relative prime. Assuming that this is the case, then we can compute the 
intersection product if we write 5 and 5' as a sum of closed 1-cycles with coefficients in 
Z[Cm]- This is accomplished by 

8 = X ^9)g*^> = 

rn rn _ k 

= £(i + C m + ■ ■ ■ + Ct^gt's - g k ;j) = Y rrriat^ - 9&\ 
k=i k=i 1 '> m 

(notice that g\~ 1 5 — g^S is closed, indeed) and likewise for 5'. We thus reduce our task 
to computing the intersection numbers (g 1 {~ 1 5 — g^S) ■ (g l {^ l 5' — g^S'). This is easy: we 
find that this equals 1 if I = k, — 1 if I = k — 1 and otherwise. Thus 

m -. ^ k 

8-S' = V l_hnLr k ~ 1 
k=i 1 l > m 

Proof o fl4~6l We may of course assume that each z k is real: Zf. =it6l with with xq < 

Xi < ■ ■ ■ < x n and that S k = [x k -i,x k ]. Let us put S k := w k e k = J2 g eG m x(.9).9*4 

and compute Sk • Si for 1 < I < k < n. It is clear that this is zero in case I < k — 1. 
For I — k, we let S' k go in a straight line from Xk-i to a point in the upper half plane 
(with real part \x k -\ + \x k , say) and then straight to x k . We have a naturally defined 
Z[Cm]-valued 1-chain S' k on C homologous to S k and with support lying over Sk- So 
Sk • &k = S k ■ S' k . The latter is computed with the help of Lemma |4!71 the contribution 
over ifc-i is |m(l — V - 1 cot(7r/mfc_i)) and over x k it is — |m(l — y/—l cot{ir / mk)) 

and so e k ■ e k = S k ■ 5' k = —^m\/—\ cot(n/rrik-i)) + \vri\/ — 1 cot(7r/mfc). We now do 
the case I = k — 1, The 1-chains on C given by <5fc_i and 5fc make an angle over of 



2v/i 



C2m — C 



2m 



= |m(l--\/ = Tcot(7r/m)). □ 
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7r/ife-i = ndk-i/m. In terms of the local picture of Lemma 14. 7 1 this means that the pair 
(5 k , Sk-i) corresponds to (<5, — C2m _1 1 5')- It follows that 

4 • I fe _! = 6 ■ -Ct^S' = -Ctn 1 ^ ■ J' = 

Hence e k ■ e k -i = -m(( 2m - C2ra) _1 and so H(e k ,e k -i) 
(2\/ 3 T(C2m - C2m)) _1 = ~\ (sin(7r/m)) _1 is as asserted. 

5. Generalizations and other view points 

5.1. Higher dimensional integrals. This refers to the situation where P 1 and the subset 
{zo, . . . , z n +i} are replaced by a projective arrangement; such generalizations were con- 
sidered by Deligne, Varchenko 1 15 1 and others. To be specific, fix an integer N > 1, a 
finite set K with at least N + 2 elements and a weight function [i : k E K i— ► fi k 6 (0, 1). 
Given an injective map z : k € K i— *■ Zfc € P^, choose for every k E K a linear form 
Zfc : C w+1 — > C whose zero set is the hyperplane H Zk defined by z k and put 

rj z = Resjp-N ( Yl Z k {()~^ J d( A ■ ■ ■ A dCw- 

This is a multivalued holomorphic iV-form on U z := P w — U ke KH Zk . If cr is a sufficiently 
regular relative TV-chain of the pair (F N , ¥ N — U z ) and we are given a determination of r\ 
over cr, then r\ is integrable over a so that J rj is defined. Here it pays however to take the 
more cohomological approach that we briefly described in Subsection 1 1.71 So we let L z 
be the rank one local system on U z such that its monodromy around H Zk is multiplication 
by exp(27r/ifc\/~l) and endow it with a flat Hermitian metric. Then after the choice of a 
multivalued section of L 2 of unit norm, r\ z can be interpreted as a section of fly <g>c L, z . 
It thus determines an element [rj z ] E H N (h z ). Similarly, a plus the determination of 
r) z over a defines an element [cr] E H N (¥ N ,P N - U z ;h v z ). The latter space is dual to 
H N (L z ) by Alexander duality in such a manner that J r\ z is the value of the Alexander 
pairing on ([%], [cr]). In order that r\ z is square integrable it is necessary and s ufficient 
that for every nonempty intersection L of hyperplanes H Zk we have Ylfk | h z dl} A^fc < 
codim(L). Assume that this is the case. Then r\ z defines in fact a class in the intersection 
homology space IH m (P N , L 2 ). This space comes a natural hermitian form h for which 
h(rjz,T) z ) > 0. (It is clear that the line spanned by r\ z only depends z\ Hodge theory tells 
us that the image of that line is F N IH N (P N , L).) So in order that the situation is like the 
one we studied we would want that the orthogonal complement of rj z in IH (P , L z ) to 
be negative. Unfortunately this seems rarely to be the case when N > 1. When that is so, 
then we might vary z over the connected constructible set S of injective maps K — > P^ 
for which the the topological type of the arrangement it defines stays constant. Then over 
S we have a local system H5 whose stalk at z E S is IH N (P N , L z ) and the Schwarz map 
which assigns to z the line in H z defined by r\ z will take values in a ball. The first order 
of business should be to determine the cases for which the associated monodromy group is 
discrete. 

5.2. Geometric structures on arrangement complements. In [4| Couwenberg, Heck- 
man and I developed a generalization of the Deligne-Mostow theory that starts with a 
slightly different point of view. The point of departure is here a finite dimensional complex 
inner product space V, a finite collection H of linear hyperplanes in V and a map n which 



C,2m) e 
1 



£k ■ £fe-i 



□ 
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assigns to every H £ 7i a positive real number kr ■ These data define a connection V K on 
the tangent bundle of the arrangement complement V° := V — UhenH as follows. For 
H £ H denote by tth £ End(V) the orthogonal projection with kernel H and by ujh the 
logarithmic differential on V defined by (f>~^d(j)H, where 4>h is a linear form on V with 
kernel H. Form il K := J^Hen k h^h <S> and regard it as a differential on V° which 
takes values in the tangent bundle of V°, or rather, as a connection form on this tangent 
bundle: a connection is defined by 

V K := V° - il K , 

where V° stands for the usual affine connection on V restricted to V°. This connection is 
easily verified to be torsion free. It is well-known that such a connection defines an affine 
structure (that is, it defines an atlas of charts whose transition maps are affine-linear) pre- 
cisely whenthe connection is flat; the sheaf of affine-linear functions are then the holomor- 
phic functions whose differential is flat for the connection (conversely, an affine structure 
is always given by a flat torsion free connection on the tangent bundle). There is a simple 
criterion for the flatness of V K in terms of linear algebra. Let £(H) denote the collection 
of subspaces of V that are intersections of members of H and let for L £ C(H) Hl be the 
set of H £ H containing L. Then the following properties are equivalent: 

(i) Vis flat, 

(ii) A O = 0, 

(iii) for every pair L,M £ C(H) with L C M, the endomorphisms J2heh l k h^h 
and J2heh m k h^h commute, 

(iv) for every L £ C(H) of codimension 2, the sum ^2 HenL KhKh commutes with 
each of its terms. 

If these mutually equivalent conditions are satisfied we call the triple (V,H, k) a Dunkl 
system. 

Suppose that (V, H, k) is such a system so that V° comes with an affine structure. If 
L £ C(H) is irreducible (in the sense that there is no nontrivial decomposition of Hl such 
that the corresponding intersections are perpendicular), then the fact that J2heh l k h^h 
commutes with each of its terms implies that this sum must be proportional to the orthogo- 
nal projection with kernel L,ttl- A trace computation shows that the sclalar factor must be 
kl := codim(L) -1 J2hgh l Kh - "-" et us now assume that the whole system is irreducible 
in the sense that the intersection of all members of H is reduced to the origin and that this 
intersection is irreducible. We then have defined kq = dim(V)^ 1 ^Hen KH - The con- 
nection is invariant under scalar multiplication by e* £ C x and one verifies that for t close 
to 0, the corresponding affine-linear transformation is like scalar multiplication by e ( 1 ^ K °)* 
if kq 1 and by a translation if kq — 1. This means that if kq ^ 1, the affine structure 
on V° is in fact a linear structure and that this determines a (new) projective structure 
on P(V°), whereas when k = 1 (the parabolic case), P(V°) inherits an affine structure 
which makes the projection V° — > P(l/°) affine-linear. Notice that if (V, H, tn) will be a 
Dunkl system for every t > 0. The behavior of that system (such as its monodromy) may 
change dramatically if we vary t. 

Before we proceed, let us show how a weight system /i that gives rise to the Lauri- 
cella differential also gives rise to such an irreducible Dunkl system: we take V — V n = 
C" +1 /main diagonal, H will be the collection of diagonal hyperplanes H k ,i :— (z k = zi), 
< k < I < n, and n(Hk : i) = /ife + [ii- The inner product on V n comes from the inner 
product on C™ +1 for which (e^, e;) = Hk$k,i and is the one which makes the projection 
C" +1 — > V n selfadjoint. It is an amusing exercise to verify that the connection is flat 
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indeed and that the space of affine-linear functions at z € V° is precisely the space of so- 
lutions of the system of differential equations we encountered in part (c) of Proposition ! 1.21 
So the Schwarz map is now understood as a multivalued chart (in standard terminology, a 
developing map) for the new projective structure on P(V^). We also find that ren = \fi\; 
more generally, an irreducible member L S L(Tt) is given by a subset / C {0, . . . , n} 
with at least two elements (so that L = L(I) is the locus where all Zk, k € I coincide) and 
K L(i) = Efce/ Mfc- 

Another interesting class of examples is provided by the finite complex reflection groups: 
let G be a finite complex reflection group operating irreducibly and unitarily in a complex 
inner product space V, TL the collection of complex hyperplanes of G and H 6 Ti i— > kh 
constant on the G-orbits. Then (V, Tt, re) is a Dunkl system. 

It turns out that in many cases of interest (including the examples mentioned above), one 
can show that there exists a V K -flat Hermitian form h on V° with the following properties 

ell: if < ren < 1, then h is positive definite, 

par: if re = 1, then h positive semidefinite with kernel the tangent spaces to the 
C x -orbits, 

hyp: if 1 < re < TOb yp for some TOhyp > 1> then h is nondegenerate hyperbolic and 
such that the tangent spaces to the C x -orbits are negative. 

This implies that F(V°) acquires a geometric structure which is respectively modeled on 
Fubini-Study space, flat complex Euclidean space and complex hyperbolic space. A suit- 
able combination of rationality and symmetry conditions (which generalizes the half inte- 
grality condition l3.7> yields a generalization of Theorem l3.9l We thus obtain new examples 
of groups operating discretely and with finite covolume on a complex ball. 

References 

[I] W. Casselman: Families of curves and automorphic forms, Thesis, Princeton University, 1966 (unpublished). 
[2] P.B. Cohen, F. Hirzebruch: Review of Commensurabilities among lattices in PU(1, n) by Deligne and 

Mostow, Bull. Amer. Math. Soc. 32 (1995), 88-105. 
[3] W. Couwenberg: Complex Reflection Groups and Hypergeometric Functions, Thesis (123 p.), University of 
Nijmegen, 1994, also available at 

http : / /members .chello.nl/~w. couwenberg/ 

[4] W. Couwenberg, G. Heckman, E. Looijenga, Geometric structures on the complement of a projective ar- 
rangement. To appear in Publ. Math. IHES, available at 
arXiv |math.AG/0311404l 

[5] P. Deligne, G.D. Mostow: Monodromy of hypergeometric functions and non-lattice integral monodromy, 
Publ. Math. IHES 63 (1986), 1-89. 

[6] P. Deligne, G.D. Mostow: Commensurabilities among lattices in PU(l,n), Ann. of Math. Studies 132, 
Princeton U.P, Princeton 1993. 

[7] B.R. Doran: Intersection Homology, Hypergeometric Functions, and Moduli Spaces as Ball Quotients, The- 
sis, Princeton University (93 p.), 2003. 

[8] EC. Kirwan, R. Lee, S.H. Weintraub: Quotients of the complex ball by discrete groups, Pacific J. of Math. 
130(1987), 115-141. 

[9] G.D. Mostow: Generalized Picard lattices arising from half-integral conditions, Inst. Hautes Etudes Sci. 

Publ. Math. 63 (1986), 91-106. 
[10] G.D. Mostow: On discontinuous action of monodromy groups on the complex n-ball, J. Amer. Math. Soc. 

1 (1988), 555-586. 

[II] J.K. Sauter, Jr.: Isomorphisms among monodromy groups and applications to lattices in PU(1, 2), Pacific 
J. Math. 146 (1990), 331-384. 

[12] H.A. Schwarz: Uber diejenigen Fdlle in welchen die Gaussische hypergeometrische Reihe eine algebraische 
Funktion Hires vierten Elementes darstellt, J. f. d. reine u. angew. Math. 75 (1873), 292-335. 

[13] G. Shimura: On purely transcendental fields of automorphic functions of several variables, Osaka J. Math. 
1 (1964), 1-14. 



28 



EDUARD LOOIJENGA 



[14] W.P. Thurston: Shapes of polyhedra and triangulations of the sphere, Geometry & Topology Monographs 
1 (1998), 511-549. 

[15] A.N. Varchenko: Hodge filtration of hypergeometric integrals associated with an affine configuration of 
general position and a local Torelli theorem, in: I.M. Gelfand Seminar, Adv. Soviet Math.16 Part 2, 167- 
177, Amer. Math. Soc, Providence, RI 1993. 

BetafaculteitUniversiteitUtrecht-DepartementWiskunde, Postbus 80.010, NL-3508TA 
Utrecht, Nederland 

E-mail address: looi jenggmath .uu.nl 



